Several efforts have been made in the last years to improve the efficiency and the effectiveness of structural models for the analysis of laminated shell structures. Among the others, many recent and past works in the literature have been aimed at formulating theories of structures that maximize the accuracy of analysis meanwhile reducing the computational costs. In this paper, this objective is pursued by implementing advanced shell theories with through-the-thickness variable kinematic capabilities. By employing the Carrera Unified Formulation (CUF), the proposed shell model is obtained by expressing the displacement field as an arbitrary and, eventually, hierarchical expansion of the primary unknowns along the thickness. Thus, Equivalent-Single-Layer (ESL), Layer-Wise (LW) models as well as variable kinematic models which combine ESL and LW approaches within the shell thickness can be obtained in a straightforward and unified manner. After the unified shell model is formulated, the governing equations and the related finite element arrays are obtained by employing the principle of virtual work. A nine node finite element is implemented to approximate the solution field, and the Mixed Interpolation of Tensorial Components (MITC) method is used to contrast the membrane and shear locking phenomena. Some numerical examples are discussed, including three-and ten-layered cross-ply shells under bi-sinusoidal load and simply-supported boundary conditions, a multilayered spherical panel subjected to bi-sinusoidal load and a sandwich cylinder undergoing bi-sinusoidal pressure. Moreover, various thickness and radiusto-thickness ratios are considered. Whenever possible, the results are compared with those from the literature and from exact elasticity solutions. The analysis of the results clearly shows the enhanced capabilities of the present variable-kinematic shell element, which allows the analyst to opportunely reduce the computational costs and enhance the accuracy of the model only in those regions of the thickness domain where an accurate evaluation of the stress/strain field is needed.
Introduction
Nowadays, composite materials represent an important technology for Industry. In fact, composite layered plate and shell structures have a fundamental role in a variety of engineering applications, including aerospace and automotive design, among the others. Nevertheless, the analysis of the mechanical behavior of layered composite structures is not a simple issue in practice. Anisotropy, nonlinear analysis as well as complex phenomena, such as trough-the-thickness C 0 z requirements (i.e., zig-zag effects in the displacements and interlaminar continuity for the stresses [1] ), the couplings between in-plane and out-of-plane strains, are some of the issues to face. In most of the practical problems, the solution demands the applications of approximated computational methods. An overview of several computational techniques for the analysis of laminated structures can be read in the comprehensive review articles [2, 3, 4] . However, some significant contributions are mentioned in the following for the sake of completeness.
For the analysis of layered structures, the Finite Element Method (FEM) has a predominant role among the computational techniques used in the engineering practice. In the literature, the major part of FEM theories available is formulated on the basis of axiomatic-type theories. The most common used FEM element is the one based on classical Kirchhoff-Love theory and some examples are given in [5, 6] . Another classical plate/shell element is based on the First-order Shear Deformation Theory (FSDT), whose formulation can be found in the works by Pryor and Barker [7] , Noor [8] , Hughes [9] and many others.
A large variety of plate/shell finite element implementations of Higher-Order Theories (HOT) has been proposed in the last decades. HOT-based C 0 finite elements (C 0 means that the inter-element continuity is satisfied only for the unknown variables and not for their derivatives) were discussed by Kant and co-authors [10, 11] . Many other papers are available in which HOTs have been implemented for plates and shells, and more details can be found in the books by Reddy [12] and Palazotto and Dennis [13] . In the domain of HOTs-based FEM elements, it is worth mentioning the zig-zag theories [14, 15, 16, 17] , where the through-the-thickness solution concerning both displacements and stresses is enhanced by embedding discontinuous functions within the displacement field formulation.
Generally, for multilayered structures FEM analysis, two kinds of modeling approaches have been historically adopted in the literature. Namely, the Equivalent-Single-Layer (ESL) approach and the Layer-Wise (LW) approach. The HOT type theories mentioned above make use of the ESL approach, according to which the mechanical variables of the formulation (i.e., the unknowns) are independent of the number of layers. By contrast, the LW mathematical models allow considering different sets of variables per each layer. Finite element implementations of LW theories in the framework of axiomatictype theories have been proposed by many authors, among which it is worth mentioning the works by Noor and Burton [18] , Reddy [19] , Mawenya and Davies [20] , and Rammerstorfer et al. [21] .
Although accurate, LW models may require the use of high computational efforts. Thus, in the last years, several efforts have been addressed by researchers to make the composite plate and shell models as accurate as efficient. A possible solution for tackling this problem is to combine multiple kinematics within the same mathematical model, in a global/local sense. In this manner, the computational costs can be reduced opportunely and the analysis enhanced only in those regions of the problem domain where accuracy is indispensable. One of the simple types of multiple-model method, for composite laminates analysis, is the concept of selective ply grouping or sublaminates [22, 23, 24] . This approach consists in creating some local regions along the plate/shell thickness, identified by specific ply or plies, within which accurate stresses are desired. On the other hand, in the global region, which is the domain portion where accurate analysis is not needed, lower-order and eventually ESL models can be adopted. Usually, in the literature, the local region is modeled by using 3-D finite elements for each ply, whereas the global region can be represented by 3-D finite elements grouped in one or more sublaminates. In the global region, the grouped sublaminates can be, hence, modeled with an ESL approach. The disadvantage of this approach is the use of the 3-D finite elements, which can be cumbersome and uncomfortable to handle from the pre-processing standpoint. Recently, the technique of selective ply grouping has been employed using only 2-D finite elements for both local and global regions in [25] , where the authors of the present paper used a variable description in the thickness direction of the displacements for the implementation of global/local sublaminates plate elements.
The local region can be described more accurately by utilizing LW models, whereas the global region can be described by ESL models. Both ESL and LW models may eventually be implemented by using a combination of Lagrange and Legendre polynomials for formulating the theory kinematics along the thickness. In this manner, the primary variables between local and global regions can be immediately satisfied. In the work by Botshekanan Dehkordi et al. [26] , a variable-kinematic description in the thickness direction for the static analysis of sandwich plates was performed. That model was derived in the framework of the Carrera Unified Formulation (CUF) and Reissner-Mixed-Variational-Theorem (RMVT) was adopted to describe apriori the transverse shear and normal stresses. Thus, the transverse stresses were approximated through a mixed LW/ESL approach. The same mixed LW/ESL approach with RMVT was then used in [27] for nonlinear dynamic analysis of sandwich plates with flexible core and composite faces embedded with shape memory alloy wires.
The global/local sublaminates approach based on mixed ESL/LW methodologies is, for the first time, extended to composite shell structures in this paper. The shell element makes use of the variablekinematic modeling features of CUF, which was developed by Carrera more than one decade ago [28, 29] and allows for the automatic and eventually hierarchical formulation of the theory of structures by using an extensive index notation and low-to higher-order generalized expansions of the primary mechanical variables. Thanks to CUF, both ESL and LW theories can be formulated with ease and eventually combined as in the case of the present variable kinematics shell element. Also, the Mixed Interpolation of Tensorial Components (MITC) method [30, 31, 32, 33] is used in this work to contrast the membrane and shear lockings. The governing equations for the linear static analysis of composite structures are derived from the principle of virtual work in a weak sense and the FEM is employed to obtain approximate numerical solutions for arbitrary geometries, laminations, and boundary conditions. In particular, cross-ply shells under bi-sinusoidal loads and simply-supported boundary conditions, a multilayered spherical panel subjected to bi-sinusoidal loads and a sandwich cylinder undergoing a bisinusoidal pressure and simply-supported boundary conditions are analyzed in this paper and compared with exact and approximate solutions from the literature.
The paper is organized as follows: First, (i) geometrical and constitutive relations for shells are presented in Section 2; Then, (ii) an overview of classical, higher-order and advanced shell theories developed within the CUF framework is given in Section 3; (iii) Section 4 gives a brief outline of the proposed FEM approach; Subsequently, (iv) the governing equations in weak form for the linear static analysis of composite structures are derived in Section 4.1; Next, (v) a short outline of the different modeling approaches is given, and the explanation of the present variable-kinematic sublaminates model is drawn in Section 5; Finally, (vi) the results obtained using the proposed CUF shell model are discussed and the main conclusions are drawn in Sections 6 and Section 7, respectively.
Geometrical and Constitutive relations
Shells are bi-dimensional structures in which one dimension (in general the thickness in the z direction) is negligible with respect to the other two dimensions. For the sake of completeness, the reference system of the shell is indicated in Fig. 1 . As far as multilayered structures are considered, the square of an infinitesimal linear segment in the layer, the associated infinitesimal area and volume are given as follows:
where the metric coefficients are
k denotes the k-layer of the multilayered shell; R k α and R k β are the principal radii of the midsurface of the layer k. A k and B k are the coefficients of the first fundamental form of Ω k (Γ k is the Ω k boundary). In this paper, the attention has been restricted to shells with constant radii of curvature (i.e., cylindrical, spherical, toroidal geometries) for which A k = B k = 1. For further details on shells, interested readers can refer to the book by Reddy [12] .
The geometrical relations enable to express the in-plane k p and out-plane k n strains in terms of the displacement u for each layer k. In the case of small displacements and rotations, one has:
The explicit forms of the arrays utilized in Eq. (3) are:
The linear stress-strain relations, as employed in this paper, are:
where
For the sake of brevity, the expressions that relate the material coefficients C ij to the Young moduli E 1 , E 2 , E 3 , the shear moduli G 12 , G 13 , G 23 and Poisson ratios ν 12 , ν 13 , ν 23 , ν 21 , ν 31 , ν 32 are not given here. They can be found in [19] .
Unified formulation of shells
Classical shell models grant good results when thin thickness, homogeneous structures are considered. On the other hand, the analysis of thick shells and multilayered structures may require more sophisticated theories to achieve sufficiently accurate solutions. As a general guideline, it is clear from a literature overview that the richer the kinematic terms in the shell displacement field, the more accurate the 2D model becomes. Carrera Unified Formulation (CUF) allows for the formulation of higher-order theories in which each displacement variable can be expanded up to any desired order in a hierarchical manner. Moreover, each primary variable can be treated independently from the others, according to the required accuracy. This procedure becomes extremely useful when multifield problems are investigated such as thermoelastic and piezoelectric applications [34, 35, 36, 37] .
Generallyu, according to the CUF [29, 38, 39] , the displacement field related to the k-th lamina of the shell structure can be written in the following unified manner:
Or rather, in the compact form:
where u = {u, v, w} is the displacement vector, whose components are expressed in the general reference system (α, β, z), see Fig. 1 . δu is the virtual displacement vector associated to the virtual work and F τ and F s are the thickness functions depending only on z coordinate. τ and s are sum indexes and N is the number of terms of the expansion in the thickness direction assumed for the displacements. For the sake of clarity, the superscript k is omitted in the subsequent sections, where CUF models based on Taylor and Legendre F τ /F s polynomial expansions are addressed.
Taylor Higher-order Theories
Classical shell models that are usually utilized in the literature and in commercial finite element tools are based on Taylor expansions of the primary variables along the thickness direction. The ClassicalLamination-Theory (CLT) and the First-Shear-Deformation-Theory (FSDT), for example, are based on a Taylor polynomial expansion of the 3-D displacements including no more than constant and linear terms in z. As discussed in the introductory section, many attempts have been made to improve classical shell models. Refined theories, in general, make use of second-to higher-order polynomials for approximating the three-dimensional kinematic field along the shell thickness. Accordingly, CUF models based on Taylor polynomials express the unknown variables in terms of arbitrarily rich functions of the midplane position of the shell. This class of models are particularly efficient for thin and homogeneous structures. In this paper, CUF Taylor-based higher-order shell models are expressed as
This class of models is denoted to as ET N , where E stands for Equivalent-Single-Layer (ESL, see Section 5), T stands for Taylor expansions, and N denotes the number of terms of the expansion and the polynomial order, which is arbitrary in the domain of CUF. For example, the ET 2 model corresponds to a second-order shell model with the following kinematics:
Classical models, such as the CLT and FSDT, can be obtained as a particular case of an EquivalentSingle-Layer (ESL) theory with N = 1. Or, in other words, classical shell models are degenerated cases of the ET 1 CUF model.
Legendre-like polynomial expansions
Expanding the unknown variables as functions of the shell midplane position can result in inaccurate results, especially when thick composite structures are addressed. A possible solution to this drawback can be expanding the displacement field in non-local sense through-the-thickness by means, for example, of Legendre-like polynomials. These polynomial set, if formulated opportunely, can allow one to express the unknown variables in function of the top and bottom position of a given sub-domain of the shell thickness (i.e., each single layer or group of layers). In the case of Legendre-like polynomial expansion models, the displacement is defined as follows:
in which P j = P j (ζ) is the Legendre polynomial of j-order defined in the ζ-domain: −1 ≤ ζ ≤ 1.
For the Layer-Wise (LW) models, the Legendre polynomials and the relative top and bottom position are defined for each layer.
Refined polynomials with Zig-Zag Function
Due to the intrinsic anisotropy of multilayered structures, the first derivative of the displacement variables in the z-direction is discontinuous. It is possible to reproduce the zig-zag effect in the framework of the ESL description by employing the Murakami theory. According to [14] , a zig-zag term can be introduced into Eq. (10) as follows:
Equivalently, the zig-zag function can be introduce also into Eq. (13) for a further enhancement of the LW model: 
Finite Element approximation
Independently of the choice of the shell model kinematics, the Finite Element Model (FEM) can be employed for approximating the solution field within the structure midplane domain. According to FEM, the generalized displacements can be expressed as a linear combinations of the shape functions. Considering a 9-node finite element, the generalized displacement vector and the related variation are defined as follows:
where u s j and δu τ i are the nodal displacements and their virtual variations, i and j denote summation, and N i and N j are the Lagrangian shape functions defined in the shell element domain. Substituting the FEM approximation (Eq. (17)) into the generalized displacement expansion (Eq. (9)), one has:
As well known from previous literature, FEM can be affected by severe locking phenomena. Many solutions are available to overcome those numerical problems; e.g. reduced integration, selective integration [40] , and the mixed interpolation of tensorial components (MITC) [30] . In this paper, a MITC technique is used to overcome the shear locking phenomenon. However, for the sake of brevity, details about the use of MITC in the domain of CUF are not discussed here, but further discussion can be found in Cinefra et al. [37] .
Governing equations and related FE arrays
According to the principle of virtual work, the virtual variation of the internal strain energy of an equilibrated system is equivalent to the virtual variation of the external loadings; i.e.
where Ω k and A k are the integration domains in the plane and the thickness direction, respectively. The left-hand side of the equation represents the variation of the internal work, while the right-hand side is the virtual variation of the external work. Substituting the constitutive equations (Eq. 6), the linear geometrical relations (Eq. 3) and applying CUF and the FEM approximation (Eq. 18) into Eq. (19), the governing equations can be obtained straightforwardly. In a compact form, the following system of linear algebraic equations holds: δu
where K kτ sij is a 3 × 3 matrix, called fundamental nucleus of the mechanical stiffness matrix, and its explicit expression is given in [41] . The nucleus is the basic element from which the stiffness matrix of the whole structure can be computed automatically. First, the fundamental nucleus is expanded on the indexes τ and s to obtain the stiffness matrix of each layer k. Then, the matrices of each layer are assembled at the multi-layer level depending on the approach considered (see Section 5) . P kτ i is a 3 × 1 matrix, called fundamental nucleus of the external load.
The explicit expressions of the CUF fundamental nuclei for shell structures are not reported here. Complete formulation and related mathematical passages can be found in the recent book by Carrera et al. [42] . In this paper, the main attention is focused on the use of these hierarchical nuclei for the formulation of variable kinematics models with combined ESL and LW capabilities through the thickness of the shell, for the formulation of global/local theories.
Modelling Approaches
Two different types of modelling approaches are usually adopted in the literature for the formulation of composite structure theories; i.e., ESL and LW. In this paper, CUF formulation is employed for the formulation of a new approach for multilayered shells. This approach exploits the variable kinematics characteristics of CUF for the implementation of a shell element with mixed ESL/LW capabilities. Nevertheless, it is important to mention that choice of the modelling approach (i.e., ESL, LW or variable kinematics) is independent of the type of the polynomials employed in the theory expansion within CUF formulation.
ESL models
In an ESL model, the stiffness matrices of each layer are homogenized by simply summing the various contributions trough the thickness. This approach leads to a model that has a set of variables that is assumed for the whole multilayer, and thus is independent of the number of layers. In this work, ESL models that make use of both Taylor and Legendre-like polynomials are used. For illustrative purposes, the general behaviour of the primary mechanical variables along the thickness of the structure in the case of ESL is depicted in Fig. 2 . 
LW models
In the case of LW, different sets of variables are assumed per each layer and the continuity of the displacements is imposed at the layer interface. The LW capability of describing correctly the discontinuous behaviour of the derivatives of the primary unknowns is graphically shown in in Fig. 3 .
In this work, LW models are implemented by using Legendre-like polynomial sets. In particular, the kinematic expansion is made by using Lagrange and Legendre polynomials, see Eq. (13) . The Lagrange polynomials F 0 and F 1 , in fact, are necessary for interpolating the displacements at the top (t) and bottom (b) position of the layer, respectively. Hence, the unknown variables at the top (t) and bottom (b) position are used to impose the following compatibility conditions:
where N l is the number of layers. 
Variable-Kinematics
In this paper, a novel modelling approach for the analysis of multilayered shells is introduced. This method takes advantage of the variable kinematics feature of CUF formulation. Thanks to CUF, in fact, different sets of F τ and F s thickness functions can be employed to formulate advanced structural theories and opportunely tuned for resulting into combined ESL/LW models for global/local analysis. In particular, in this work, ESL and LW approaches are combined by employing structural theories based on Legendre-like polynomials. In this variable-kinematics approach, multilayered structures can be modelled so as to have group of layers with homogenized properties as in a ESL assembling scheme, whereas for some other layers the homogenization is conducted just at the interface level for enforcing LW capabilities in localized zones of the thickness domain. The variable-kinematic assembling, developed in the framework of the CUF, is very simple to integrate with a few code statements. The coding lines of the terms of the nuclei, in fact, are the same for both ESL, LW and variable kinematic assembling.
For the sake of completeness, the variable kinematic capability of the proposed methodology to take into account for non-local LW approach is shown in Fig. 4 . Moreover, an overview of the assembling procedures for ESL, LW and variable kinematics approaches is summarized in Fig. 5 . 
Acronyms
Depending on the variables description, the modelling approach and the number of terms N of the kinematic expansion, different shell theories can be obtained. For the sake of clearness, a system of acronyms is given in order to denote these models. The first letters in the acronym indicate the approach used, i.e. equivalent single layer (E) or layer-wise (LW). In the case of ESL models, the second letter denotes the type of polynomial adopted: (T) for the Taylor polynomial expansions or (L) for the the Legendre-like polynomials. The number N at the end of the acronym indicates the number of terms of the expansion used in the thickness direction. Eventually, a Z is added to denote the zig-zag terms into the kinematic expansion, whereas the subscript (a) indicates that analytical solution is provided instead of FEM. On the other hand, variable kinematic models are discussed below depending on each case.
Numerical results
The following reference problems have been considered for assessing the novel variable kinematic shell element:
• A three-layer simply-supported cylinder with (90
• A ten-layer simply-supported cylinder with (90
• A composite square simply-supported spherical panel with three-layer configuration (0
• An eleven-layer simply-supported sandwich cylindrical panel with
Wherever possible, solutions from variable-kinematic models are compared with those from higher-order ESL models, LW models, 3D elasticity solutions and analytical results.
Three-layer composite cylinder
A three-layer cross-ply cylinder with lamination (90 • /0 • /90 • ) and simply-supported boundary conditions is considered as the first numerical example. The applied load for the whole cylinder is a pressure applied at the inner surface of the shell, defined as follows:
wherep = 1.0 is the pressure amplitude; m = 1 and n = 8; α and β are the coordinates as defined in Fig. 1 ; and a and b are the shell dimensions along α and β, respectively. Note that a is the length of the cylinder in the axial direction in this example. The mechanical properties of the material are such that
For all the considered cases, the length-to-radius ratio is a/R = 4, b = 2πR. On the other hand, the layers are of equal thickness and h total = 1, 0. The results are presented below for different radius-to-thickness ratios R/h = 2, 4, 10, 50, 100, 500, and reported in the following non-dimensional form:
Due to the geometrical symmetry of the cylinder, the symmetry of the load pressure and boundary conditions, and the symmetry of the lamination stacking sequence, only one octave of the cylinder is analysed; i.e., only one half of the cylinder along the α axis direction and one quarter along the β circumferential axis direction is considered. The applied load for an octave of the cylinder is, therefore, defined as follows:
where m = 0, 5 and n = 2. The FEM results coming from the present refined CUF shell elements are compared with a 3D elasticity solution [43] and a layer-wise analytical model [39] . First, a convergence study on the shell element was performed. A representative composite shell with radius-to-thickness ratio R/h = 500 was evaluated. According to Table 1 , a mesh grid of 8 × 32 elements ensures the convergence and accuracy on both the transverse displacement and the stresses. Thus, this mesh size is used in the subsequent analyses. Furthermore, in order to prove that the proposed element is locking free, various integrations schemes (see Huges et al. [40] ) were considered and the results are shown in Table 2 . In this table, the results from the present higher-order finite elements are compared to 3D analytical solutions. It is clear that the shell element with the MITC9 method ensures acceptable accuracy on both the transverse displacement, the transverse shear stress and the transverse normal stress. In both Tables 1 and 2 , superscript + denotes that stress is measured at the layer interface and the top value is given. An assessment of the Legendre-like and Taylor based ESL models is performed next. All the results presented in Table 3 , for thick and thin shells, show that the Legendre polynomials lead to the same results of the Taylor polynomials. Regarding the linear expansion ESL model, e.g. ET 1, if the thickness locking correction is applied (see [42] ), a moderate difference in the results is noticeable. Nevertheless, the use of either polynomials is invariant with respect to the solution accuracy, thus, Legendre-like models are indistinctly used to implement ESL, LW as well as variable-kinematic models in the analyses below. Different variable kinematic models are used to perform the global/local analysis of the cylindrical shell structures and they are graphically depicted in Fig. 6 . Two different sublaminate groupings are considered here and they are denoted to as:
• Case 2 = {layer1, layer2} {layer3}
In Case 1, for example, layers number 2 and 3 are grouped in an ESL manner and then assembled to layer 1 in a LW sense, see Fig. 6 . Case 1 and Case 2 are used as subscripts together with the usual acronym notation, which also indicates the theory order N . The results from present variable kinematic models are listed in Tables 4 and 5 and Figs 7 to 14 for various radius to thickness ratios R/h. For the shell structures analysed, the following considerations can be drawn:
• Regarding the transverse displacement w, the theories EL4, Case 1 and EL4, Case 2 lead a significant improvement of the solution with respect to EL4 for large radius-to-thickness ratios R/h = 500, see Fig. 7 . On the other hand, if small ratios R/h = 2 are considered, differences among the various models adopted are barely observable from Fig. 8 .
• For the in-plane stress σ ββ , no accuracy differences are appreciable between models for ratios R/h = 500, see Fig. 9 . For small ratios R/h = 2 the theories EL4, Case 1 and EL4, Case 2 improve the results with respect to the EL4 model, especially where a layer-wise description within the variable-kinematics is adopted; i.e., the top layer for EL4, Case 1 and the bottom layer for EL4, Case 2 , see Fig. 10 .
• As far as the shear stress σ αz is concerned, Figs. 11 and 12 show that the variable kinematic models provide exact solution accuracy for every radius-to-thickness-ratios within the layers that have a layer-wise assembling. Conversely, the remaining layers with an equivalent-single-layer assembling have a loss of accuracy.
• Regarding the transverse normal stress σ zz and for large ratios R/h = 500, the results reach the exact solution in the layers that have a layer-wise assembling and a variable kinematic approach, see Fig. 13 . Instead, for small ratios R/h = 2 the theories EL4, Case 2 approximate very well the layer-wise solution along the thickness, see Fig. 14.
• For all the considered cases, the variable kinematic models have a number of degrees of freedom, and thus a computational cost, which is lower that full LW models. Composite three-layered cylinder. In-plane stress σ ββ along the thickness. Radius-to-thickness ratio ( R / h ) = 500. Transverse shear stress σ αz along the thickness. Radius-to-thickness ratio ( R / h ) = 500. Transverse normal stress σ zz along the thickness. Radius-to-thickness ratio ( R / h ) = 500. Transverse normal stress σ zz along the thickness. Radius-to-thickness ratio ( R / h ) = 2.
Ten-layer composite cylinder
As a second assessment, a ten-layer cross-ply cylinder with lamination (90 • /0 • /90 • /0 • /90 • ) S and simply-supported boundary condition is considered. The geometrical and material data and the applied load at the inner surface of the shell are the same as those defined for the previous analysis case. Also, because of the geometrical symmetry of the cylinder, the symmetry of the load pressure and boundary condition, and the symmetry of the lamination stacking sequence, only one octave of the cylinder is analysed. A mesh grid of 8 × 32 elements is used, as in the case of the three-layered cylinder of the previous section.
Different variable kinematic models are employed to show the global/local capabilities of the present CUF-based methodology. Depending on the sublaminates grouping, the acronyms have been modified adding a subscript to them in the case of variable kinematics. The list of subscripts is given below for the sake of completeness:
• Case 1 = {layer1} {layer2, layer3, layer4, layer5, layer6, layer7, layer8, layer9} {layer10}
• Case 2 = {layer1, layer2} {layer3, layer4, layer5, layer6, layer7, layer8} {layer9, layer10}
• Case 3 = {layer1, layer2, layer3} {layer4, layer5, layer6, layer7} {layer8, layer9, layer10}
• Case 4 = {layer1, layer2, layer3, layer4} {layer5, layer6} {layer7, layer8, layer9, layer10}
• Case 5 = {layer1} {layer2, layer3} {layer4, layer5, layer6, layer7} {layer8, layer9} {layer10}
• Case 6 = {layer1} {layer2, layer3, layer4} {layer5, layer6} {layer7, layer8, layer9} {layer10}
The results from the present models are reported in non-dimensional form, as in the previous case, and they are listed in Tables 6 and 7 and Figs. 16 to 22 for various radius-to-thickness ratios R/h. The present FEM results are compared with those from 3D elasticity solution [43] and a layer-wise analytical model [39] . The following comments can be made from the analysis of the results
• Regarding the transverse displacement w, all the variable-kinematic models lead a significant improvement of the solution with respect to EL4 and for every radius-to-thickness ratios, see Figs. 15 and 16.
• As in the previous analysis case and according to Fig. 17 , no accuracy differences are appreciable in terms of in-plane stress σ ββ between the various models of the thin cylinders. Conversely, for small ratios R/h = 2, the theories EL4, Case1 , EL4, Case4 and EL4, Case6 improve the results with respect to the global EL4 model, especially in the layers that have a layer-wise assembling, see Fig. 18 .
• In the case of shear stress σ αz and variable kinematic models, the results reach the exact solution in the layers that have a layer-wise assembling for both thin and thick cylinders. On the contrary, the remaining layers with an equivalent-single-layer assembling have a loss of accuracy, see Figs. 19 and 20.
• As far as the transverse normal stress σ zz is concerned and for large ratios R/h = 500, the variable kinematics results reach the exact and full LW solutions in the layers that have a layerwise assembling, see Fig. 21 . On the other hand, Fig. 22 shows that the shell theory EL4, Case6 approximates very well the layer-wise solution along the thickness in the case of thin structures. Transverse displacement w along the thickness. Radius-to-thickness ratio ( R / h ) = 500. Figure 17: Composite ten-layered cylinder. Inplane stress σ ββ along the thickness. Radiusto-thickness ratio ( R / h ) = 500. Transverse shear stress σ αz along the thickness. Radius-to-thickness ratio ( R / h ) = 500. Transverse normal stress σ zz along the thickness. Radius-to-thickness ratio ( R / h ) = 500. Transverse normal stress σ zz along the thickness. Radius-to-thickness ratio ( R / h ) = 2. 
Composite spherical panel
Even for this analysis case, different variable kinematic models are used to perform the analysis of the shell structures. Usual acronyms are enriched with the following subscripts which indicate the sublaminates grouping. For the three-layered spherical shell we consider
On the other hand, for the four-layered shell we have
• Case2 = {layer1, layer2, layer3} {layer4}
• Case3 = {layer1, layer2} {layer3, layer4}
• Case4 = {layer1} {layer2, layer3} {layer4}
First, a convergence study on the shell element was performed. A composite shell with radius to side length ratio R/a = 10 and side length to thickness ratio a/h = 10 is considered for this purpose. As demonstrated in Table 8 in the case of a full LW model, a mesh grid of 12 × 12 elements ensures the convergence. The results from the other full kinematic and variable kinematic models are reported in non-dimensional form for the transverse displcament in Table 9 , and for the transverse shear and normal stresses in Table 10 for different thickness ratios a/h and radius-to-side length ratio R/a. The present FEM results are compared with higher-order models from the literature, i.e. [44] and [45] , and a layer-wise analytical model by Carrera [39] . It can be observed that changing the R/a ratio, the transverse displacement variation is higher for thin shells with ratio a/h = 100 than for thick shells with ratio a/h = 10. Therefore it can be seen that the best approximation compromise is given by the theory EL4, Case1 , where the loaded layer is described by a layer-wise model and the remaining layers are described by equivalent single layer approach. For the four-layered shell, the theory EL4, Case4 is more accurate then EL4, Case1 model. This is due only to the fact that a symmetric lamination scheme is considered. The load is a pressure applied at the outer surface of the shell, and it is defined as follows:
where m = 1 and n = 1, whereasp = 1.0. Different axis length-to-circumferential length ratios b/a = 1, 2 and circumferential length-to-thickness ratios a/h = 5, 10 are considered. The radius-tocircumferential length ratio is fixed for all the cases and it is assumed to be equal to R α /a = 2. Each face sheet of the shell has a thickness of 0.015 × h total and is made of composite material with the following properties: E 1 = 172.5 GP a, E 2 = E 3 = 6.9 GP a, G 12 = G 13 = 3.45 GP a, G 23 = 2.76 GP a, ν 12 = ν 13 = ν 23 = 0.25 . On the other hand, each core has a thickness of 0.4325 × h total and the material properties are the following: E 1 = E 2 = 0.276 GP a, E 3 = 3.45 GP a, G 12 = 0.1104 GP a, G 13 = G 23 = 0.414 GP a, ν 12 = 0.25, ν 13 = ν 23 = 0.02. The total thickness is assumed to be h total = 1.0. As in the previous analysis cases, the results are reported in non-dimensional form:
Different variable kinematic models have been used to perform the analyses of the shell structures. These models make use of various sublaminate groupings, which are summarized in the following by using the usual notation:
• Case1 = {layer1} {layer2, layer3, layer4, layer5, layer6, layer7, layer8, layer9, layer10} {layer11}
• Case2 = {layer1} {layer2} {layer3, layer4, layer5, layer6, layer7, layer8, layer9} {layer10} {layer11}
• Case3 = {layer1} {layer2} {layer3} {layer4, layer5, layer6, layer7, layer8} {layer9} {layer10} {layer11}
• Case4 = {layer1, layer2, layer3} {layer4, layer5, layer6, layer7, layer8} {layer9, layer10, layer11}
• Case5 = {layer1, layer2, layer3} {layer4} {layer5, layer6, layer7} {layer8} {layer9, layer10, layer11}
• Case6 = {layer1, layer2, layer3, layer4} {layer5, layer6, layer7} {layer8, layer9, layer10, layer11}
• Case7 = {layer1, layer2, layer3, layer4} {layer5} {layer6} {layer7} {layer8, layer9, layer10, layer11}
First a convergence study on the shell element was performed and it is shown in Table 11 . For this analysis case, a composite sandwich cylindrical panel with circumferential length to thickness ratio a/h = 5 and side length ratio b/a = 1 is considered. Clearly, a mesh grid of 12 × 12 elements ensures the convergence in terms of both transverse displacement and the stresses. This mesh size is, thus, utilized for the remaining analyses. The results from the variable kinematic models and from complete ESL and LW models are listed in Table 12 for various axis length-to-circumferential length ratios b/a and different circumferential length-to-thickness ratios a/h. In this table, the present CUF-based FEM results are compared with a 3D elasticity solution [47] and a layer-wise theory, called the zigzag theory (ZIGT). In particular, both analytical [46] and FEM [48] ZIGT solutions are given for comparison purposes. For the sake of completeness, the through-the-thickness behaviour of the stress components are also illustrated in Figs. 23 to 27. The behaviour of the variables along the thickness is invariant with respect to the b/a or a/h ratios. Thus, the case b/a = 1 and a/h = 10 is taken into account to plot the variables behaviour along the thickness in those figures. For the shell structures analysed in this section, the following considerations can be drawn:
• In terms of transverse displacement w, variable kinematic models with combined ESL/LW assumptions (i.e., EL4, Case1 , EL4, Case2 , EL4, Case3 , and EL4, Case4 ) provide better accuracy with respect to the full ESL models, such as EL4, see Fig. 23 . However, the best accuracy is reached assembling the sandwich cores with a layer-wise scheme while keeping the face composite sheets as ESL, i.e. EL4, Case5 . In this case, it is possible to reduce the computational costs in terms of degrees of fredoom as high as 53.33% with respect to a full LW reference solution. Variable kinematic models EL4, Case6 and EL4, Case7 still provide an improvement of the solution accuracy with respect to EL4, Case1 to EL4, Case4 . Moreover, it is interesting to note that the EL4, Case4 model has the same accuracy of the EL4, Case3 model but with a DOFs reduction of 55.17%. Equivalently, EL4, Case6 model has the same accuracy of the EL4, Case7 model with a DOFs reduction of 38.09%.
• Figures 24 to 26 show that very small differences in terms of accuracy of σ αα , σ ββ and σ αβ distributions are visible in the composite sheets layers if EL4, Case1 and EL4, Case2 models are compared to EL4, Case5 , and EL4, Case6 models. Nevertheless, EL4, Case5 , and EL4, Case6 models provide the same solution of full refined LW model with a considerable reduction of the computational costs. For these stress components, the distribution within the core is roughly the same for all the models considered.
• As far as the shear stress σ αz distribution is considered, Fig. 27 shows that all the variablekinematic models provide results as accurate as the reference solutions in those layers that are approximated with a LW accuracy. This allows the analyst to choose the approximation accuracy in each thickness subdomain independently and save, eventually, computational costs but still having accurate solution in localized zones. For the analysis case under consideration, however, the best compromise between an accurate solution and an huge reduction of computational cost in terms of DOFs with respect to the full layer-wise solution, is obtained with the EL4, Case5 model, whose DOFs reduction is 53.33%. 
wσ αα 10 ×σ ββ 10 ×σ αβσαzŵσαα 10 ×σ ββ 10 ×σ αβσαz DOF s In-plane stress σ αα along the thickness, with axis length to circumferential length ratio b/a = 1 and circumferential length to thickness ratios a/h = 10. In-plane stress σ ββ along the thickness, with axis length to circumferential length ratio b/a = 1 and circumferential length to thickness ratios a/h = 10. 
Conclusions
A new variable kinematic methodology for composite layered structures has been introduced in this paper. Based on the Carrera Unified Formulation (CUF), the proposed shell element employs displacement kinematics that can vary through the thickness of the structural domain. In this manner, lowto higher-order theories can be formulated straightforwardly and, thus, refined approximations and Layer-Wise (LW) descriptions of the mechanical unknowns can be utilized exclusively in those portions of the structure that requires a more detailed analysis. In fact, by using CUF and Legendre-like approximations of the shell displacement field, Equivalent-Single-Layer (ESL), LW and variable kinematic theories can be formulated arbitrarily and in a unified and hierarchical manner; the equilibrium equations and, eventually, the finite element arrays are written in terms of fundamental nuclei in the present formulation, and they can be arbitrarily expanded to any shell theory by using a recursive index notation.
The proposed model has been assessed through various numerical examples, including three and ten layered cross-ply shells subjected to bi-sinusoidal loads and simply-supported boundary conditions, mutilayered spherical panels under bi-sinusoidal loads, and sandwich cylinders undergoing a bi-sinusoidal pressure loadings. The results have been compared with those from the literature, already established CUF models, and elasticity solutions, whenever possible. The analysis of the results suggests the following conclusions:
• Because of its hierarchical capabilities, CUF is an effective tool for the implementation of variable kinematic shell theories.
• The proposed variable kinematic shell element allows to improve the solution locally and in a global/local sense. In other words, because it uses combined ESL and LW approaches within the same finite element, the accuracy of the shell model can be enhanced in those zones in the thickness domain where localized phenomena (e.g., concentrated stress/strain states, homogeneous boundary conditions, interlayer continuity, C 0 z conditions, etc.) play a fundamental role.
